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ABSTRACT

The Batalin-Vilkovisky Laplacian from Homological Perturbation Theory

Nilay Kumar

The BV Laplacian Δ = 𝜕2/𝜕𝑥𝑖𝜕𝑥+
𝑖
, first introduced by Batalin and Vilkovisky, is a second-

order differential operator that appears in the quantum master equation for quantizing gauge

theories. The geometric framework for the BV formalism was later recognized by Schwarz

as the setting of odd symplectic geometry and Khudaverdian showed that Δ acts covariantly

on half-densities |Λ𝑀 |1/2 on odd symplectic supermanifolds (𝑀,𝜔). Building on Ševera’s

construction of Δ using a spectral sequence for the bicomplex (dR𝑀 , 𝜔 + 𝑑), we provide a new,

more explicit construction of Δ using the homological perturbation lemma. The fact that Δ is

globally well-defined on half-densities is established using Čech complexes. We show moreover

that our methods apply in the setting of integral forms, giving a construction naturally integrable

over purely odd Lagrangians.
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CHAPTER 1

Introduction

The Batalin-Vilkovisky (BV) formalism is a powerful approach to the quantization of physical

systems in the presence of gauge symmetry. By adding to the gauge theory certain extra fields

known as ghosts and antifields, Batalin and Vilkovisky [1] derive Feynman rules from the

functional integral formalism, provided that the modified action 𝑆BV satisfies the quantum

master equation

(1.1)
1
2
(𝑆BV, 𝑆BV) − 𝑖ℏΔ𝑆BV = 0.

Mathematically, the resulting graded supermanifold of fields, ghosts, and antifields is a shifted

cotangent bundle 𝑀 = 𝑇∗ [−1]𝑋 equipped with an odd symplectic form 𝜔 of degree −1. The

antibracket (−,−) is the odd Poisson bracket associated to 𝜔, but the origin of the BV operator

Δ is more subtle.

In Darboux coordinates {𝑥𝑖, 𝑥+
𝑖
}𝑖=1,...,𝑛 on the shifted cotangent bundle, the BV operator

resembles a Laplacian,

(1.2) Δ =
𝜕2

𝜕𝑥𝑖𝜕𝑥+
𝑖

,

where we sum implicitly over the index 𝑖. Unlike the ordinary Laplacian, Δ does not act on

functions of 𝑀 . Instead, as discovered by Khudaverdian, Δ is intrinsically defined if we view it

as acting on half-densities.

Theorem 1 (Khudaverdian [11]). The BV operator Δ = 𝜕2/𝜕𝑥𝑖𝜕𝑥+
𝑖

acts covariantly on the

half-densities |Λ𝑀 |1/2 of an odd symplectic supermanifold.

This perspective elucidates the geometry of the BV formalism: the integrand of the BV

functional integral is a half-density, gauge-fixing is performed by choosing a Lagrangian to
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integrate this half-density over, and the independence of choice of gauge is guaranteed by the

quantum master equation.

The antibracket arises naturally as a global operation from the odd symplectic structure on

the space of fields; the BV operator Δ, in contrast, is defined locally and then checked to be

independent of the choice of coordinates on half-densities. Khudaverdian verifies invariance by

classifying the canonical transformations of Darboux coordinates on odd symplectic manifolds

and computing the corresponding transformation rules for Δ. It is compelling to ask for a less

ad hoc derivation of the BV Laplacian — one that unearths Δ directly from the odd symplectic

structure of the shifted cotangent bundle.

To this end, Ševera in [17] provides a homological description of Δ that originates from

the presence of an extra differential on the complex of de Rham forms dR𝑀 . As 𝜔 is an odd

symplectic form, the operator 𝜔 = 𝜔 ∧ − squares to zero and (anti)commutes with the de Rham

differential:

(1.3) 𝜔2 = 0, [𝜔, 𝑑] = 0.

From the spectral sequence associated to this bicomplex, Ševera finds the BV operator as a

differential on the third page, acting on the cohomology of 𝜔. The cohomology 𝐻∗(dR𝑀 , 𝜔)
he in turn identifies with the space of half-densities |Λ𝑀 |1/2 on 𝑀 , thus recovering the result of

Khudaverdian.

In this thesis we take a more direct approach to the BV Laplacian, replacing spectral sequences

by homological perturbation theory. This allows us to write explicit maps and formulas relating

half-densities to differential forms. The key idea is to set up, on any Darboux coordinate chart

𝑈, a strong deformation retraction of complexes (see Definition 14)

(1.4) ( |Λ𝑀 |1/2(𝑈), 0) (dR𝑀 (𝑈), 𝜔)

𝑖

𝑝

ℎ id − 𝑖𝑝 = [𝜔, ℎ]

and to treat the de Rham differential 𝑑 = 𝑑dR as a perturbation of the differential 𝜔 on the right.

The homological perturbation lemma induces a perturbation on the left — the transfer of the
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perturbation 𝑑 — as a certain formal infinite sum. We show that this sum is finite, which leads

to our first result:

Theorem 2. For (𝑀,𝜔) an odd symplectic supermanifold with gh(𝜔) = −1, there exists a

strong deformation retraction

( |Λ𝑀 |1/2(𝑈),Δ) (dR𝑀 (𝑈), 𝜔 + 𝑑)

𝑖′

𝑝′

ℎ′

where the differential Δ on the left is the BV operator.

In particular, there exists a locally-defined map 𝑖′ that identifies half-densities as differential

forms in such a way that 𝑖′(Δ𝜇) = (𝜔 + 𝑑)𝑖(𝜇).
The formulas used to construct this strong deformation retraction are coordinate-dependent,

and thus do not immediately yield a global construction of Δ. We proceed by choosing a

Darboux atlas U of 𝑀 and promoting the the strong deformation retraction of Equation 1.4 to

a strong deformation retraction of Čech total complexes. The map 𝑖 does not commute with the

Čech differential 𝑑, so we introduce 𝑑 as a perturbation of the differential on the right and apply

homological perturbation theory once more:

(Tot∗ 𝐶̌ (U, |Λ𝑀 |1/2), 𝑑) (Tot∗ 𝐶̌ (U, dR𝑀),±𝜔 + 𝑑)

𝑖′

𝑝′

ℎ′

We are left with a modified map 𝑖′ that does indeed intertwine the desired differentials. We

can now imitate the local construction and perturb the differential on the right by 𝑑 = 𝑑dR,

transferring it to the left to obtain the operator Δ. As a perturbation of the Čech differential on

the left, Δ commutes with 𝑑. This is precisely the statement that Δ globalizes, and we obtain a

new, independent construction of Khudaverdian’s BV operator.
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Theorem 3. The operator Δ = 𝜕2/𝜕𝑥𝑖𝜕𝑥+
𝑖

on half-densities constructed by homological

perturbation theory over a Darboux coordinate chart extends to a well-defined operator on the

sheaf of half-densities.

The diagrams above identify half-densities with differential forms written

𝑓 (𝑥, 𝑥+) 𝑑𝑥1 · · · 𝑑𝑥𝑛,

where the 𝑥𝑖 are the even Darboux coordinates. From the perspective of gauge-fixing in

physics, these are precisely the forms that can be integrated over even Lagrangians. There

is no fundamental reason to restrict to this class of Lagrangians, but the above formalism is not

appropriate in the general case, as differential forms are not the natural objects for integration

over general supermanifolds. For a purely odd Lagrangian, for instance, it is necessary to

consider integral forms [4], and for a general Lagrangian, pseudodifferential forms [3]. We

show that the BV operator can be constructed as before if we replace the right-hand side of the

strong deformation retraction with the complex of integral forms Σ𝑀 .

Theorem 4. With (𝑀,𝜔) as before, there exists a strong deformation retraction

( |Λ𝑀 |1/2(𝑈),Δ) (Σ𝑀 (𝑈), 𝜔 + 𝑑Σ)

𝑖′

𝑝′

ℎ′

where the differential Δ on the left is the BV operator.

The global perturbation argument in the case of integral forms proceeds identically as

described above for differential forms.

The corresponding homological relationship between pseudodifferential forms and half-

densities is more subtle, and we do not pursue it here. We note, however, that obtaining

formulas in the general setting of pseudodifferential forms is of interest for a number of reasons

beyond simply the presence of Lagrangians of general type. Following an unpublished idea of

Kontsevich and Schwarz, we might approach the BV formalism from the viewpoint of duality.

That is, we might view the Lagrangian itself as a distributional form with support along the
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Lagrangian, and BV integration as a special case of the pairing between distributional and

smooth pseudodifferential forms. From this perspective, the choices of BV action and gauge-

fixing Lagrangian are placed on similar footing.

From a more categorical perspective, we note that the results of this paper are functorial

with respect to symplectomorphisms. In many situations, however, we are more interested in

maps between fundamentally distinct spaces of fields, such as those constructed by symplectic

reduction. Weinstein’s notion of a Lagrangian correspondence allows us to study such maps by

considering spans 𝑀1 ← 𝐿 → 𝑀2 with 𝐿 ⊂ 𝑀1 × 𝑀2 Lagrangian. The functoriality of half-

densities over such correspondences is not immediately obvious, whereas pseudodifferential

forms enjoy natural pullback and pushforward (fiber integration) operations.

Unfortunately, the methods we use here do not obviously generalize to pseudodifferential

forms and Lagrangians of arbitrary type. As we note in Chapter 5, the local results of this thesis

hold for a certain subclass of pseudodifferential forms, but we leave a more detailed study for

future work.
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Conventions

We note several typographical and sign conventions that will be adhered to throughout,

unless otherwise indicated.

• We follow the Einstein summation convention: all repeated upper-lower index pairs are

implicitly summed over.

• Our underlying geometric objects of study are smooth, finite-dimensional, Z-graded

supermanifolds (𝑀,O𝑀). In particular, any coordinate 𝑥 is assigned a Z/2Z-graded

internal parity p(𝑥) and a Z-graded ghost number gh(𝑥). These are independent

gradings: the Z-grading need not reduce to the Z/2Z-grading modulo 2. We write |𝑥 |
for the total parity

|𝑥 | = p(𝑥) + gh(𝑥) (mod 2)

which determines the choice of any Koszul signs. The body of a supermanifold 𝑀

is the ordinary smooth manifold ( |𝑀 |,O𝑀/JM), where J𝑀 is the ideal of nilpotent

elements of O𝑀 .

• We work with cohomologically-graded complexes of real superspaces, with the Z-

grading given by ghost number and the Z/2Z-grading given by parity. When discussing

de Rham (resp. integral) forms, there is an auxiliary Z-grading by de Rham degree,

with respect to which we implicitly take a direct sum total complex; that is, the Z-

grading is the sum of the ghost number and the de Rham degree. The total parity of a

homogeneous de Rham (resp. integral) form is thus written

|𝛼 | = p(𝛼) + gh(𝛼) + degdR(𝛼) (mod 2).

We denote by 𝐶 [ 𝑗]∗ the shift of the complex 𝐶∗ by 𝑗 in the ghost number grading, with

𝐶 [ 𝑗]𝑘 = 𝐶 𝑗+𝑘 , and a shift by 𝑗 in the de Rham grading by 𝐶{ 𝑗}𝑘 = 𝐶 𝑗+𝑘 .
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CHAPTER 2

Odd symplectic structures

The natural geometric setting for the BV formalism is that of degree −1 odd symplectic

graded supergeometry. In this chapter we review some of the fundamental results in this context,

following Khudaverdian and Voronov [12], Getzler and Pohorence [9] and Ševera [17]. The basic

notions of the theory of supermanifolds are well-established (see for instance [13] and [14]), but

we will recall the definition of the Berezinian (or the superdeterminant), as it plays an important

role in the odd symplectic world.

We begin with some linear superalgebra, referring to Section 7 of Leites [13] and Chapter

3 of Manin [14] for details. Let 𝑉 be a finite-dimensional real superspace, 𝑉 = 𝑉0 ⊕ 𝑉1. An

endomorphism 𝑇 ∈ End(𝑉) can be written as a matrix

𝑇 =

(
𝑇00 𝑇01

𝑇10 𝑇11

)
,

where

𝑇00 : 𝑉0 → 𝑉0 𝑇01 : 𝑉1 → 𝑉0,

𝑇10 : 𝑉0 → 𝑉1 𝑇11 : 𝑉1 → 𝑉1.

Then, for 𝑇 ∈ End(𝑉), the Berezinian of 𝑇 is

Ber𝑇 = Ber

(
𝑇00 𝑇01

𝑇10 𝑇11

)
= det(𝑇00 − 𝑇01𝑇

−1
11 𝑇10) det𝑇−1

11 ∈ R
×.

If 𝑉 is purely even, the Berezinian reduces to the determinant, whereas if 𝑉 is purely odd, the

Berezinian reduces to the inverse of the determinant. Like the determinant, the Berezinian is a

homomorphism and hence Ber𝑇𝑇 ′ = Ber𝑇 Ber𝑇 ′. Note, however, that while the determinant

is a polynomial in the entries of the matrix, the Berezinian is a rational function in general.
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We write GL(𝑉) ⊂ End(𝑉) for the general linear supergroup of endomorphisms with well-

defined, non-zero Berezinian. If dim𝑉0 = 𝑝 and dim𝑉1 = 𝑞, we will often write more explicitly

GL(𝑉) = GL(𝑝 |𝑞).
Suppose now that we have on 𝑉 a non-degenerate antisymmetric bilinear pairing of odd

parity, that is, an odd symplectic structure 𝜔,

𝜔 : 𝑉 ×𝑉 → R.

Notice that 𝜔 is non-zero only when pairing even vectors with odd vectors, and hence 𝑝 = 𝑞 = 𝑛.

Recall that a Lagrangian subspace 𝐿 ⊂ 𝑉 is an isotropic subspace, 𝜔|𝐿 = 0, of maximal

dimension 𝑛. A polarization of 𝑉 is a decomposition

𝑉 = 𝐿 ⊕ 𝐿′

into two complementary Lagrangian subspaces. The form𝜔 provides an isomorphism 𝐿′ � Π𝐿∗.

Abbreviating

𝐿◦ = Π𝐿∗,

we may choose a basis for 𝐿 and a dual, parity-inverted basis for 𝐿◦, and decompose any

𝑇 ∈ GL(𝑛|𝑛) as

𝑇 =

(
𝑃 𝑄

𝑅 𝑆

)
where 𝑃 : 𝐿 → 𝐿,𝑄 : 𝐿◦ → 𝐿, 𝑅 : 𝐿 → 𝐿◦, and 𝑆 : 𝐿◦ → 𝐿◦.

Proposition 5 (Khudaverdian and Voronov [12], Theorem 4). Let𝑉 = 𝐿 ⊕ 𝐿◦ be a polariza-

tion with respect to the odd symplectic form 𝜔 on𝑉 . If𝑇 ∈ GL(𝑉) preserves the odd symplectic

form — that is, 𝑇 ∈ ΠSp(𝑉, 𝜔) — then

(2.1) Ber𝑇 = (Ber 𝑃)2.

Proof. Choose a basis {𝑒1, . . . , 𝑒𝑛} of 𝐿. This basis can be completed to a basis of 𝑉 by

finding 𝑓𝑖 ∈ 𝑉 such that 𝜔(𝑒𝑖, 𝑓 𝑗 ) = 𝛿𝑖 𝑗 . If we denote the dual basis of 𝑉∗ by {𝐸𝑖, 𝐹𝑖}, we find

that 𝜔 maps 𝑒𝑖 to 𝐹𝑖 and 𝑓𝑖 to −𝐸𝑖. Hence under the decomposition (𝑉)◦ � (𝐿 ⊕ 𝐿◦)◦ � 𝐿◦ ⊕ 𝐿
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we can write

𝜔 =

(
id𝐿 0

0 −id𝐿◦

)
.

The requirement that 𝑇 preserve the odd symplectic form,

𝑇◦𝜔𝑇 = 𝜔,

is therefore (
𝑆◦ 𝑄◦

𝑅◦ 𝑃◦

) (
id𝐿 0

0 −id𝐿◦

) (
𝑃 𝑄

𝑅 𝑆

)
=

(
id𝐿 0

0 −id𝐿◦

)
,

which we may rewrite as

𝑆◦𝑃 = 𝑄◦𝑅 + id𝐿

𝑄◦𝑆 = 𝑆◦𝑄

𝑃◦𝑅 = 𝑅◦𝑃

𝑃◦𝑆 = 𝑅◦𝑄 + id𝐿◦ .

Factoring

𝑇 =

(
𝑃 𝑄

𝑅 𝑆

)
=

(
id𝐿 0

𝑅𝑃−1 id𝐿◦

) (
𝑃 𝑄

0 𝑆 − 𝑅𝑃−1𝑄

)
we obtain

Ber𝑇 = Ber 𝑃Ber(𝑆 − 𝑅𝑃−1𝑄).

The third and fourth equations from above show that

𝑃◦𝑆 − 𝑅◦𝑄 = 𝑃◦𝑆 − 𝑃◦𝑅𝑃−1𝑄 = id𝐿◦

from which we find

Ber(𝑆 − 𝑅𝑃−1𝑄) = (Ber 𝑃◦)−1 = Ber 𝑃.

The result follows. �

We may think of this result as the odd symplectic equivalent of the fact that the determinant

of an ordinary symplectic matrix is 1. Indeed, the proof in the even case proceeds mutatis
mutandis and the calculation reduces to a product det 𝑃 det(𝑆 − 𝑅𝑃−1𝑄) = det 𝑃 det 𝑃−1 = 1. In
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the odd setting the product is instead a quotient, as is characteristic of the Berezinian, giving a

perfect square.

We define, for 𝑇 ∈ ΠSp(𝑉, 𝜔),

| Ber1/2(𝑇) | = | Ber(𝑃) |,

where 𝑃 is the upper-left block of 𝑇 with respect to any polarization of 𝑉 . This definition is

independent of the choice of polarization and yields a character of the odd symplectic supergroup

ΠSp(𝑉, 𝜔) of automorphisms preserving 𝜔:

| Ber1/2(𝑇𝑇 ′) | = | Ber1/2(𝑇) | | Ber1/2(𝑇 ′) |.

Remark 6. Choosing the Lagrangian 𝐿 in the polarization of Proposition 5 to be purely

even and denote by 𝑃 the resulting upper left block of 𝑇 , we find that

Ber𝑇 = Ber 𝑃2 = det 𝑃2.

This shows, in particular, that the Berezinian of an odd symplectic matrix 𝑇 is a polynomial in

the entries of 𝑇 .

Leaving the world of linear superalgebra, we now turn to odd symplectic geometry. Let

us first review what we mean by a smooth graded supermanifold. There are a number of

different definitions in the presence of both a Z and a Z/2Z-grading — our conventions line

up with those used, for example, by Voronov [19]. The sheaf of commutative algebras O𝑀 on

a smooth supermanifold 𝑀 is locally isomorphic to the tensor product of smooth functions on

a vector space 𝑊 with the exterior algebra of a vector space 𝑉∗. We say that 𝑀 is a graded

supermanifold when 𝑊 and 𝑉 are Z-graded vector spaces and there exists an atlas of 𝑀 such

that the transition functions respect this grading (or ghost number, as it is known in the physics

literature). Moreover, as mentioned in the conventions above, the Z-grading is independent of

the Z/2Z-grading in general, and the relevant Koszul signs that appear are based wholly on the

Z/2Z-grading. That is, signs appear according to what we call in this thesis total parity. We will

often refer to the internal parity of an object: this is the difference between the Z/2Z-degree

and the mod 2 reduction of the Z-degree. From the perspective of physics, this allows for the
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presence of physical fermions — that is, coordinates of Z-degree 0 but odd internal parity, and

therefore odd total parity — as well as non-polynomial functions of Z-degree different than 0,

such as exponentiated actions.

The de Rham complex dR𝑀 is a sheaf of bigraded commutative O𝑀-superalgebras on 𝑀

generated by Kähler differentials placed in de Rham degree 1 (recall that {−} represents a shift

in de Rham degree),

(dR𝑀 , 𝑑) = (SymO𝑀
(𝑇∗𝑀{−1}), 𝑑 = 𝑑dR),

equipped with the usual differential 𝑑𝑓 = 𝑑𝑥𝑖𝜕𝑥𝑖 𝑓 . Abusing notation slightly, we will continue to

denote by dR𝑀 the direct sum total complex of this bigraded complex. That is, if 𝑓 ∈ O𝑀 , then

the total degree of 𝑑𝑓 is gh(𝑑𝑓 ) + degdR(𝑑𝑓 ) = gh( 𝑓 ) + 1 while the internal parity p(𝑑𝑓 ) = p( 𝑓 )
remains unchanged. Hence 𝑑𝑓 has total parity opposite to that of 𝑓 : |𝑑𝑓 | = | 𝑓 | + 1.

We warn the unfamiliar reader that the de Rham complex on supermanifolds is unbounded

above in general. If 𝜃𝑖 is a coordinate with odd total parity, for instance, then 𝑑𝜃𝑖 has even total

parity, and thus (𝑑𝜃𝑖)𝑘 is non-zero for arbitrarily high 𝑘 . Consequently, there is no notion of

top-degree volume form in the de Rham complex of a supermanifold.

There is a link — discovered by Ševera in [17] — between differential forms and half-

densities on odd symplectic supermanifolds. The Berezinian bundle Ber(𝑀) = Ber(𝑇∗𝑀) of

𝑀 is the bundle associated to the character Ber(𝑇)−1 of GL(𝑝 |𝑞). Similarly, the bundle |Λ𝑀 | of

densities on 𝑀 is associated to the character | Ber(𝑇) |−1 and the bundle |Λ𝑀 |1/2 of half-densities
on 𝑀 is associated to the character | Ber1/2(𝑇) |−1. To explain the connection with differential

forms we first detail the basic definitions of odd symplectic geometry.

For the rest of this thesis, 𝑀 will be a graded supermanifold of dimension 𝑛|𝑛 equipped with

an odd symplectic form 𝜔 of degree −1. We will moreover assume that the body |𝑀 | of 𝑀 is

connected and oriented.1 By an odd symplectic form 𝜔 of degree −1, we mean a closed form

𝜔 ∈ Γ(𝑀, dR𝑀) of de Rham degree 2, ghost number −1 (hence of total Z-degree +1), and even

internal parity (hence odd total parity), satisfying a nondegeneracy condition. The form 𝜔 pairs

1The condition that |𝑀 | is oriented may be removed if we work throughout with half-forms rather than half-densities.
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tangent vectors 𝑣 and 𝑣′ nontrivially only if gh(𝑣) + gh(𝑣′) = −1 and as such, provides a map

𝜔 : 𝑇𝑀 → 𝑇∗ [−1]𝑀

𝑣 ↦→ 𝜔(𝑣,−)

where 𝑇∗ [−1]𝑀 is the (−1)-shifted cotangent bundle whose fibers are modeled on (𝑉 [−1])∗ =
𝑉∗ [1] if 𝑀 is modeled on a superspace 𝑉 . The nondegeneracy condition is, as usual, that this

map be an isomorphism of bundles.

The proof of the Darboux theorem in the context of ordinary symplectic geometry transfers

mutatis mutandis to the the odd symplectic setting. It will be useful to stipulate two conditions

on our choice of Darboux charts.

Definition 7. Let (𝑀,𝜔) be an odd symplectic supermanifold such that the body |𝑀 | is
oriented. An oriented Darboux chart consists of a Darboux chart 𝑈 ⊂ 𝑀 with coordinates

{𝑥𝑖, 𝑥+
𝑖
}𝑖=1,...,𝑛 such that the 𝑥𝑖 have even total parity and provide a positively oriented chart for

the body |𝑀 |.

The condition that the 𝑥𝑖 have even total parity can be arranged by suitable choice of

symplectic basis in the proof of the Darboux theorem. Then, by negating 𝑥1 and 𝑥+1 if necessary,

any such Darboux coordinates can be modified to produce an oriented Darboux chart. We remark

that this choice of parity for the 𝑥𝑖 is generally not physical: a physical fermion (a coordinate

of ghost number 0 and odd internal parity), for instance, is not usually viewed as an antifield.

We nevertheless choose this polarization for calculational ease; the choice of a more physically

conventional polarization introduces signs but does not change the results of this thesis.

The symplectic form is written locally as

𝜔 = 𝑑𝑥+𝑖 ∧ 𝑑𝑥𝑖 .

The form is exact, as 𝜔 = 𝑑𝜆, where 𝜆 = 𝑥+
𝑖
𝑑𝑥𝑖. As 𝜔 has odd total parity in the de Rham

complex, 𝜔2 = 0, and the operator

Ω = 𝜔 ∧ −
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provides an extra differential on the de Rham complex. It increases de Rham degree by 2,

decreases the ghost number by 1, and leaves the internal parity invariant, but is not compatible

with the wedge product. The symplectic form 𝜔 is closed, so the de Rham differential commutes

with Ω,

[𝑑,Ω] = 0,

and we obtain the total differential Ω + 𝑑dR.

Ševera’s insight in [17] was to identify the cohomology of Ω with the space of half-densities

on 𝑀 .

Proposition 8 (Ševera [17], Section 2). Let (𝑀,𝜔) be an odd symplectic supermanifold

with gh(𝜔) = −1 such that the body |𝑀 | of 𝑀 is oriented. Then there is a natural isomorphism

of sheaves

(2.2) 𝜓 : 𝐻 (dR𝑀 ,Ω) → |Λ𝑀 |1/2,

between the cohomology of the differential Ω and the half-densities on 𝑀 .

Remark 9. There is no clear consensus in the literature on the conventions for the parities

and gradings of |Λ𝑀 | and |Λ𝑀 |1/2. In this thesis, we will adopt a convention suggested by the

proof Proposition 8 (and the results that follow). Write

𝑟 = 𝑛 +
𝑛∑︁
𝑖=1

gh(𝑥𝑖).

We place the Berezinian and the bundle of densities of 𝑀 in ghost number 2𝑟 with even internal

parity, and the bundle of half-densities in ghost number 𝑟 with internal parity
∑𝑛

𝑖=1 p(𝑥𝑖) (and

hence total parity 𝑛).

With respect to the conventions of Remark 9, the map𝜓 has ghost number 0 and even internal

parity, as the representative 𝑑𝑥1 · · · 𝑑𝑥𝑛 has de Rham degree 𝑛, ghost number
∑𝑛

𝑖=1 gh(𝑥𝑖), and

parity
∑𝑛

𝑖=1 p(𝑥𝑖).
The proof of Proposition 8 proceeds by computing the cohomology explicitly in local

coordinates, and then showing that the resulting generator transforms as a half-density. We will
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prove this result in detail in the remainder of this chapter, as the constructions involved will be

useful later for building the BV operator.

The significance of half-densities on odd symplectic supermanifolds comes from the fact

that they can be naturally integrated over Lagrangian submanifolds.

Proposition 10. Let 𝑖𝐿 : 𝐿 ↩→ 𝑀 be a Lagrangian submanifold of (𝑀,𝜔). Then the bundle

of half-densities on 𝑀 restricts to the bundle of densities on 𝐿,

𝑖∗𝐿 |Λ𝑀 |1/2 � |Λ𝐿 |.

This is a direct consequence of Equation 2.1, and is, in part, why half-densities hold a

particular significance in the BV formalism: the choice of a Lagrangian is the choice of a gauge-

fixing, and integration along Lagrangians is used to define correlation functions. This geometric

interpretation of the work of Batalin and Vilkovisky [1] is due originally to Schwarz [16] and

was rephrased in terms of half-densities by Khudaverdian [11].

Before we investigate the cohomology of Ω, we make a small change of notation. In

the physics literature, there is typically a formal parameter ℏ employed in the quantum BV

formalism. This parameter measures, loosely, the distance between the quantum theory and its

classical counterpart. Thus we will work with functions on 𝑀 that are Laurent series in ℏ,

Oℏ
𝑀 = O𝑀 ((ℏ)),

with ℏ having ghost number zero and even internal parity. We write similarly dRℏ
𝑀 and |Λℏ

𝑀
|1/2

for the Oℏ
𝑀

-modules of de Rham forms and half-densities, respectively. We scale the differential

𝜔 on the de Rham complex by ℏ−1,

Ω = ℏ−1𝜔 ∧ −.

This particular scaling is chosen, as we will see, in order for the BV Laplacian to be proportional

to ℏ, as is standard in the BV formalism.

Remark 11. We assume throughout this thesis, that 𝜔 has ghost number −1: it thus follows

that Ω = ℏ−1𝜔 is a (even internal parity) differential of total degree 1 on the de Rham complex.

In other contexts such as the BFV formalism or AKSZ sigma models it is sometimes useful to
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take different gh(𝜔) ∈ Z. We remark that in these settings, if gh(𝜔) = 2𝑘 − 1 is odd (still with

even internal parity), we may take the parameter ℏ to have ghost number 2𝑘 such that ℏ−1𝜔 has

ghost number −1 and is again a differential of total degree 1. In this case, as ℏ has non-zero

degree we must be careful to work with Laurent polynomials in ℏ instead of Laurent series.

Shifted symplectic forms also feature in the work of Pantev, et. al (PTVV) [15]. The

geometric setting there is that of derived stacks, in which the internal degree present on the

structure sheaf allows for the notion of symplectic forms of shifted degree. PTVV demonstrate

that a large class of derived stacks of interest (such as certain classifying spaces and Lagrangian

intersections) are equipped with natural symplectic structures of various degree shifts. They

show moreover how to construct symplectic structures on mapping stacks from those on the target

(with the new shift computed from the dimension of the domain), which provides a procedure

for building new shifted symplectic structures from old. Though the geometric setting of PTVV

is quite different than ours, it is useful to keep in mind the ideas in the derived algebraic setting.

We now turn to the computation of the cohomology 𝐻 (dRℏ
𝑀 ,Ω). For the rest of this chapter

we work in an oriented Darboux chart 𝑈 with coordinates (𝑥𝑖, 𝑥+
𝑖
). Following Ševera, we define

the operator

Λ = ℏ 𝜄(𝜕𝑥𝑖 )𝜄(𝜕𝑥+𝑖 )

on dRℏ
𝑀 (𝑈). Notice that Λ has odd total parity, as it decreases de Rham degree by 2, increases

ghost number by 1, and has even internal parity. The importance of Λ stems from the following

diagonalization result on 𝑈.

Lemma 12. The commutator [Ω,Λ] is a semisimple operator. Indeed, given a monomial

𝛼 ∈ dRℏ
𝑀 (𝑈), the commutator acts as

[Ω,Λ]𝛼 =
(
𝑛 − deg𝑑𝑥 𝛼 + deg𝑑𝑥+ 𝛼

)
𝛼,

giving us an explicit basis of eigenvectors. The eigenvalues are non-negative, and the 0-

eigenspace is generated by 𝑑𝑥1 · · · 𝑑𝑥𝑛.
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Proof. Note first that [Ω,Λ] = ΩΛ + ΛΩ. We compute the second term using the Leibniz

rule and the appropriate Koszul signs:

ΛΩ𝛼 =

(
𝜄(𝜕𝑥ℓ )𝜄(𝜕𝑥+ℓ ) (𝑑𝑥

𝑘𝑑𝑥+𝑘 )
)
𝛼 +

(
𝜄(𝜕𝑥ℓ ) (𝑑𝑥𝑘𝑑𝑥+𝑘 )

)
𝜄(𝜕𝑥+

ℓ
)𝛼

−
(
𝜄(𝜕𝑥+

ℓ
) (𝑑𝑥𝑘𝑑𝑥+𝑘 )

)
𝜄(𝜕𝑥ℓ )𝛼 − 𝑑𝑥𝑘𝑑𝑥+𝑘 𝜄(𝜕𝑥ℓ )𝜄(𝜕𝑥+ℓ )𝛼

=

(
𝛿𝑘ℓ 𝛿

ℓ
𝑘 + 𝑑𝑥

+
ℓ 𝜄(𝜕𝑥+ℓ ) − 𝑑𝑥ℓ 𝜄(𝜕𝑥ℓ ) −ΩΛ

)
𝛼

=
(
𝑛 + deg𝑑𝑥+ 𝛼 − deg𝑑𝑥 𝛼 −ΩΛ

)
𝛼.

To see that the lowest eigenvalue is 0, we note that deg𝑑𝑥 is maximized at 𝑛 when the

differentials of all the even coordinates are present. �

Write dRℏ
𝑀 (𝑈)𝑚 for the space of de Rham forms with [Ω,Λ]-eigenvalue 𝑚. The operator Ω

commutes with [Ω,Λ],

[Ω, [Ω,Λ]] = 1
2
[[Ω,Ω],Λ] = [Ω2,Λ] = 0,

so Lemma 12 yields a splitting of complexes

(dRℏ
𝑀 (𝑈),Ω) =

∞⊕
𝑚=0
(dRℏ

𝑀 (𝑈)𝑚,Ω),

where the 𝑚 = 0 eigenspace is one-dimensional, written

(2.3) (dRℏ
𝑀 (𝑈)0,Ω) = (O

ℏ
𝑀 (𝑈) · 𝑑𝑥

1 · · · 𝑑𝑥𝑛, 0).

Notice that Ω restricted to the 0-eigenspace is zero:

(2.4) Ω 𝑑𝑥1 · · · 𝑑𝑥𝑛 = ℏ−1𝜔 ∧ 𝑑𝑥1 · · · 𝑑𝑥𝑛 = 0.

We now show that the inclusion

𝑖 : (dRℏ
𝑀 (𝑈)0, 0) ↩→ (dRℏ

𝑀 (𝑈),Ω)

is a quasi-isomorphism and hence that 𝑑𝑥1 · · · 𝑑𝑥𝑛 generates the cohomology of Ω. Write

𝑝 : (dRℏ
𝑀 (𝑈),Ω) → (dRℏ

𝑀 (𝑈)0, 0)
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for the projection onto the 𝑚 = 0 eigenspace of [Ω,Λ]. Note that 𝑖 and 𝑝 are maps of complexes

by Equation 2.4. We define a homotopy

ℎ : dRℏ
𝑀 (𝑈) → dRℏ

𝑀 (𝑈)

of total degree −1 and even internal parity as follows: for 𝛼 ∈ dRℏ
𝑀 (𝑈)𝑚,

(2.5) ℎ(𝛼) =

𝑚−1Λ𝛼 𝑚 ≠ 0

0 𝑚 = 0.

As the next following lemma shows, the complexes dRℏ
𝑀 (𝑈)𝑚 for 𝑚 ≠ 0 are all contractible.

Lemma 13. The cohomology of Ω is generated by 𝑑𝑥1 · · · 𝑑𝑥𝑛:

𝐻 (dRℏ
𝑀 (𝑈),Ω) � (dRℏ

𝑀 (𝑈)0, 0).

Proof. We show that 𝑖 is a quasi-isomorphism. It suffices to check that ℎ is indeed a

homotopy, that is,

id − 𝑖 ◦ 𝑝 = [Ω, ℎ] .

Suppose 𝛼 ∈ dRℏ
𝑀 (𝑈)𝑚 for 𝑚 ≠ 0. Then 𝑖(𝑝(𝛼)) = 0 while

[Ω, ℎ]𝛼 = Ω · 𝑚−1Λ𝛼 + 𝑚−1ΛΩ𝛼 = 𝑚−1 [Ω,Λ]𝛼 = 𝛼,

as desired (here we have used the fact that Ω preserves the [Ω,Λ] eigenspaces). If, on the other

hand, 𝑚 = 0, then (id − 𝑖𝑝)𝛼 = 0 but [Ω, ℎ] vanishes as well, by Ω𝛼 = 0. �

With this local description of the cohomology of Ω we can now prove Ševera’s identification

of 𝐻 (dRℏ
𝑀 ,Ω) with the sheaf of half-densities on 𝑀 , following Khudaverdian and Voronov (see

Lemma 2.1 of [12]).

Proof of Proposition 8. We define a map of sheaves

𝜓 : 𝐻 (dRℏ
𝑀 ,Ω) → |Λ

ℏ
𝑀 |

1/2

that induces isomorphisms on stalks as follows. Let 𝑉 ⊂ 𝑀 be an open set and letU = {𝑈𝑖}𝑖∈𝐼
be a cover of 𝑉 by oriented Darboux charts. Write {𝑥 𝑗

𝑖
, 𝑥+

𝑖, 𝑗
} 𝑗=1,...,𝑛 for the coordinates on 𝑈𝑖.
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Let [𝛼] ∈ 𝐻 (dRℏ
𝑀 ,Ω) (𝑉) be a cohomology class represented by the form 𝛼 ∈ dRℏ

𝑀 (𝑉). The

restrictions [𝛼] |𝑈𝑖
can be represented by the restrictions 𝛼 |𝑈𝑖

, each of which can be written as

𝛼 |𝑈𝑖
= 𝑓𝑖 𝑑𝑥

1
𝑖 · · · 𝑑𝑥𝑛𝑖 ,

by Lemma 13. Let us write |D(𝑥𝑖, 𝑥+𝑖 ) |1/2 for the frame of the line bundle of half-densities

determined by the coordinates on 𝑈𝑖. We claim that the half-densities 𝑓𝑖 |D(𝑥𝑖, 𝑥+𝑖 ) |1/2 on 𝑈𝑖

glue to a half-density on 𝑉 , giving us the definition of 𝜓( [𝛼]).
It is enough to check that the expression 𝑑𝑥1 · · · 𝑑𝑥𝑛 transforms, in the cohomology of Ω, as

a half-density. To see this, we first note that for distinct indices 𝑖 and 𝑖′

𝑑𝑥
𝑗

𝑖′ = 𝑑𝑥𝑘𝑖
𝜕𝑥

𝑗

𝑖′

𝜕𝑥𝑘
𝑖

+ 𝑑𝑥+𝑖,𝑘
𝜕𝑥

𝑗

𝑖′

𝜕𝑥+
𝑖,𝑘

,

and hence

(2.6) 𝑑𝑥1
𝑖′ · · · 𝑑𝑥𝑛𝑖′ = 𝑑𝑥1

𝑖 · · · 𝑑𝑥𝑛𝑖 det
(
𝜕𝑥𝑖′

𝜕𝑥𝑖

)
+ terms containing 𝑑𝑥+𝑖 .

The terms containing 𝑑𝑥+
𝑖

have non-zero eigenvalue under [Ω,Λ] and are Ω-closed, whence they

are Ω-exact and and vanish in the cohomology of Ω. If 𝑇 is the matrix of derivatives associated

to the coordinate change and 𝑃 is its upper-left even-even block, then the matrix 𝜕𝑥𝑖′/𝜕𝑥𝑖
appearing in the determinant above is 𝑃−1. This determinant det 𝑃−1 is positive because 𝑥𝑖 and

𝑥𝑖′ were chosen as positively-oriented charts for 𝑈𝑖 and 𝑈𝑖′. Half-densities, on the other hand,

transform as | Ber1/2(𝑇) |−1. Applying Proposition 5 with the choice of an even-odd Lagrangian

polarization, we see that

| Ber1/2(𝑇) |−1 = | det(𝑃) |−1 = det(𝜕𝑥𝑖′/𝜕𝑥𝑖).

Hence 𝑑𝑥1 · · · 𝑑𝑥𝑛 transforms as a half-density and we conclude that 𝜓 is well-defined. A

straightforward argument shows that 𝜓 is independent of the choice of (oriented) Darboux cover

for 𝑉 . It follows that 𝜓 commutes with restriction maps and thus defines a map of sheaves. The

induced map 𝜓𝑝 on stalks at any 𝑝 ∈ 𝑀 is clearly an isomorphism.

The map 𝜓 identifies, locally, 𝑓 𝑑𝑥1 · · · 𝑑𝑥𝑛 with 𝑓 |D(𝑥, 𝑥+) |1/2 and so by the grading

conventions of Remark 9, we see that 𝜓 has degree zero and even parity. �
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This isomorphism provides a homological characterization of half-densities on odd sym-

plectic supermanifolds. The local expression 𝑑𝑥1 · · · 𝑑𝑥𝑛 for the generator of the cohomology

of Ω should not be surprising in light of Proposition 10. Indeed, if a half-density on 𝑀 restricts

to a density on the even Lagrangian defined on 𝑈 by {𝑥+1 = · · · = 𝑥+𝑛 = 0}, it can be identified,

using the orientation on the body |𝑀 | of 𝑀 , with the volume form 𝑑𝑥1 · · · 𝑑𝑥𝑛. It is natural to

ask, then, how these constructions generalize in the setting of Lagrangians that are not purely

even. We postpone addressing this question to Chapter 5. For now we turn to the main focus

of this thesis, which is the construction of Khudaverdian’s BV operator on half-densities using

Proposition 8 and the tools of homological perturbation theory.
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CHAPTER 3

Local perturbation theory

We review the constructions of homological perturbation theory that will be useful to us

below. Given a (co)chain complex, the machinery of homological perturbation theory arose

historically from the problem of finding a smaller, homotopy equivalent complex. We need here

only a small piece of the theory: the homological perturbation lemma. Given a perturbation

of the differential on the larger complex, the lemma transfers this deformation to the smaller

complex, retaining the equivalence. The perturbation lemma was originally studied in the

context of the homology of fibrations and the twisted Eilenberg-Zilber theorem [18][6][10], but

has since found many applications and extensions outside of algebraic topology. In this thesis

we follow [8].

Definition 14. A strong deformation retraction of complexes is a diagram

(𝐶, 𝑑𝐶) (𝐷, 𝑑𝐷)

𝑖

𝑝

ℎ

where 𝑖 and 𝑝 are maps of complexes and ℎ is a map of degree −1, such that

𝑝𝑖 = id𝐶 , id𝐷 − 𝑖𝑝 = [𝑑𝐷 , ℎ],

together with the side conditions

ℎ𝑖 = 0, 𝑝ℎ = 0, ℎ2 = 0.

Theorem 15 (Homological perturbation lemma). Suppose we have a strong deformation

retraction as above, with 𝛿 a perturbation of the differential on 𝐷. That is, 𝛿2 = 0 and

(𝑑𝐷 + 𝛿)2 = 0. Suppose moreover that the perturbation is small, i.e. the degree zero operator
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(1 − 𝛿ℎ) is invertible. Then, if we write

𝐴 = (1 − 𝛿ℎ)−1𝛿,

there exists a perturbed strong deformation retraction

(𝐶, 𝑑′
𝐶
) (𝐷, 𝑑′

𝐷
= 𝑑𝐷 + 𝛿)

𝑖′

𝑝′

ℎ′

where

𝑖′ = (1 + ℎ𝐴)𝑖 = (1 − ℎ𝑑)−1𝑖

𝑝′ = 𝑝(1 + 𝐴ℎ) = 𝑝(1 − 𝑑ℎ)−1

ℎ′ = ℎ + ℎ𝐴ℎ

𝑑′𝐶 = 𝑑𝐶 + 𝑝𝐴𝑖.

The proof of Theorem 15 is a straightforward series of computations and can be found, for

instance, in [8]. We remark that the side conditions on the unperturbed data ensure that we still

have 𝑝′𝑖′ = id𝐶 in the perturbed data.

The notion of a strong deformation retraction systematizes the data used to prove Lemma 13,

as the following result shows.

Proposition 16. The inclusion 𝑖 of the 𝑚 = 0 eigenspace of [Ω,Λ] fits into a strong

deformation retract,

(dRℏ
𝑀 (𝑈)0, 0) (dRℏ

𝑀 (𝑈),Ω)

𝑖

𝑝

ℎ

Proof. We showed in the previous chapter that 𝑖 and 𝑝 are maps of complexes and moreover

that id − 𝑖𝑝 = [Ω, ℎ]. It remains to check that the side conditions hold. The first two side

conditions ℎ𝑖 = 0 and 𝑝Λ = 0 follow simply from the fact that Λ kills 𝑑𝑥1 · · · 𝑑𝑥𝑛. The third side

condition ℎ2 = 0 is immediate because |Λ| = 1 and thus Λ2 = 0. �
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We will now obtain the BV Laplacian on 𝑈 via a perturbation of the differential Ω on the

right-hand-side of this strong deformation retraction. In particular, we reintroduce the de Rham

differential 𝑑 = 𝑑dR.

Lemma 17. The de Rham differential 𝑑 is a small perturbation of the differential Ω on

(dRℏ
𝑀 (𝑈),Ω).

Proof. The two-form Ω is symplectic and in particular closed, so

(Ω + 𝑑)2𝛼 =

(
ℏ−2𝜔2 + ℏ−1𝜔𝑑 + ℏ−1𝑑𝜔 + 𝑑2

)
= ℏ−1(𝜔𝑑𝛼 + 𝑑𝜔𝛼) = 0.

To check that 𝑑 is a small perturbation we consider

(1 − 𝑑ℎ)−1 =

∞∑︁
𝑖=1
(𝑑ℎ)𝑖

and recall that while 𝑑 increases de Rham degree by 1, the homotopy operator ℎ is proportional

to Λ, which decreases de Rham degree by 2. Hence the sum is finite when applied to any de

Rham form. �

Now, as in the statement of the homological perturbation lemma, define

𝐴 = (1 − 𝑑ℎ)−1𝑑 = 𝑑 + 𝑑ℎ𝑑 + 𝑑ℎ𝑑ℎ𝑑 + · · · .

Applying Theorem 15 to the strong deformation retraction above with the perturbation 𝛿 = 𝑑,

we obtain on the left the transferred differential

𝑝𝐴𝑖 = 𝑝(𝑑 + 𝑑ℎ𝑑 + 𝑑ℎ𝑑ℎ𝑑 + · · · )𝑖.

This sum simplifies significantly, as the following lemma shows.

Lemma 18. Every term in the sum 𝑝𝐴𝑖 above vanishes except the second:

𝑝𝐴𝑖 = 𝑝

∞∑︁
𝑗=1
(𝑑ℎ) 𝑗𝑑𝑖 = 𝑝𝑑ℎ𝑑𝑖.
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Proof. We argue by de Rham degree counting: 𝑖 produces forms of de Rham degree 𝑛 and

𝑝 vanishes on forms of de Rham degree different than 𝑛. The operator (𝑑ℎ) 𝑗𝑑 has de Rham

degree 1 − 𝑗 , so (𝑑ℎ) 𝑗𝑑𝑖 has de Rham degree 𝑛 only when 𝑗 = 1. Thus the only term that

survives the application of 𝑝 is the 𝑗 = 1 term. �

Theorem 19. Transferring the perturbation 𝑑 = 𝑑dR of the strong deformation retraction in

Proposition 16 yields the BV Laplacian

𝑝𝐴𝑖 = ℏΔ

on the 𝑚 = 0 eigenspace of [Ω,Λ]. The resulting strong deformation retraction is

(dRℏ
𝑀 (𝑈)0, ℏΔ) (dRℏ

𝑀 (𝑈),Ω + 𝑑)

𝑖′

𝑝′

ℎ′

where

𝑖′ = (1 + ℎ𝐴)𝑖 𝑝′ = 𝑝(1 + 𝐴ℎ) ℎ′ = ℎ + ℎ𝐴ℎ

Proof. Apply the homological perturbation lemma (Theorem 15) and Lemma 18 to obtain

the differential 𝑝𝐴𝑖 = 𝑝𝑑ℎ𝑑𝑖 on the left. Suppose now that 𝛼 = 𝑓 (𝑥, 𝑥+)𝑑𝑥1 · · · 𝑑𝑥𝑛 ∈ dRℏ
𝑀 (𝑈)0.

Then

𝑝𝐴𝑖𝛼 = 𝑝𝑑ℎ𝑑𝛼

= 𝑝𝑑ℎ

(
𝑑𝑥+𝑘

𝜕 𝑓

𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑𝑥𝑛
)

= 𝑝𝑑Λ

(
𝑑𝑥+𝑘

𝜕 𝑓

𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑𝑥𝑛
)

= 𝑝𝑑

(
ℏ𝜄(𝜕𝑥 𝑗 )𝛿 𝑗

𝑘

𝜕 𝑓

𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑𝑥𝑛
)

= (−1) | 𝑓 |+𝑘ℏ𝑝𝑑
(
𝜕 𝑓

𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑̂𝑥𝑘 · · · 𝑑𝑥𝑛
)
.
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The de Rham differential now introduces two types of terms: one of the form 𝑑𝑥+
𝑗
𝜕2 𝑓 /𝜕𝑥+

𝑗
𝜕𝑥+

𝑖

and one of the form 𝑑𝑥 𝑗𝜕2 𝑓 /𝜕𝑥 𝑗𝜕𝑥+
𝑘
. The eventual application of 𝑝 (which is nonzero only on

monomials of the form 𝑑𝑥1 · · · 𝑑𝑥𝑛) allows us to drop the terms with 𝑑𝑥+
𝑗
. Thus we are left with

𝑝𝐴𝑖𝛼 = (−1) | 𝑓 |+𝑘ℏ𝑝
(
𝑑𝑥 𝑗 𝜕2 𝑓

𝜕𝑥 𝑗𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑̂𝑥𝑘 · · · 𝑑𝑥𝑛
)

= ℏ
𝜕2 𝑓

𝜕𝑥𝑘𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑𝑥𝑛

= ℏΔ𝛼,

the BV Laplacian, as desired. �

The resulting strong deformation retraction gives us a map 𝑖′ that intertwines the BV Lapla-

cian with Ω + 𝑑:

(3.1) 𝑖′(ℏΔ𝛼) = (Ω + 𝑑)𝑖′(𝛼).

This gives us a formula that reduces the second-order differential operator Δ to the first-order

differential operator Ω+ 𝑑. A straightforward inductive computation reveals the general formula

for 𝑖′.

Lemma 20. Let 𝛼 = 𝑓 (𝑥, 𝑥+) 𝑑𝑥1 · · · 𝑑𝑥𝑛 ∈ dRℏ
𝑀 (𝑈)0. Then

𝑖′(𝛼) =
𝑛∑︁
𝑗=0

∑︁
𝑘1<···<𝑘 𝑗

(−1) 𝑗 | 𝑓 |+𝑘1+···+𝑘 𝑗 ·

· ℏ 𝑗 𝜕 𝑗 𝑓

𝜕𝑥+
𝑘 𝑗
· · · 𝜕𝑥+

𝑘1

𝑑𝑥1 · · · 𝑑𝑥𝑘1 · · · 𝑑𝑥𝑘 𝑗 · · · 𝑑𝑥𝑛.

We end this chapter by considering the case of a differential graded supermanifold 𝑀 , with

differential arising in physics from the choice of an action. We consider, in particular, a function

𝑆0 ∈ O𝑀 of even internal parity and ghost number zero satisfying the classical master equation

(𝑆0, 𝑆0) = 0.

As the name suggests, the classical master equation is obtained from the quantum master equation

upon specializing to ℏ = 0. We have written 𝑆0 for this function because the solution 𝑆BV to the
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quantum master equation, Equation 1.1, is typically constructed order-by-order in ℏ as a power

series with 𝑆BV = 𝑆0 +𝑂 (ℏ).
The pairing (−,−) is the antibracket: the Poisson bracket associated to the symplectic form

𝜔. The antibracket is defined by (𝑔, 𝑔′) = 𝑋𝑔 (𝑔′) where 𝑋𝑔 is the Hamiltonian vector field for 𝑔

under 𝜔. Alternatively it can be defined (in our context of eigenvalue 𝑚 = 0 forms) as follows:

multiplication 𝑚((𝑔, 𝑔′)) by (𝑔, 𝑔′) is given by

(3.2) 𝑚((𝑔, 𝑔′)) = (−1) |𝑔 | [[Δ, 𝑔], 𝑔′] .

That is, the two-fold commutator of the second-order differential operator Δ with functions on

𝑀 is the zeroth-order differential operator defining the antibracket. The Jacobi identity for the

antibracket ensures that the differential

𝑠 = (𝑆0,−) : Oℏ
𝑀 → O

ℏ
𝑀

of ghost number 1 squares to zero, 𝑠2 = 0.

We may view the derivation 𝑠 as the Lie derivative 𝑠 = 𝐿𝑄 along the Hamiltonian vector

field 𝑄 of 𝑆0. The vector field 𝑄 has ghost number 1 on 𝑀 and even internal parity. This Lie

derivative extends as usual to an operator on the de Rham complex dRℏ
𝑀 given by the Cartan

homotopy formula

𝑠 = 𝐿𝑄 = [𝜄(𝑄), 𝑑] = 𝜄(𝑄)𝑑 − 𝑑𝜄(𝑄).

Notice that the graded commutator here is the usual commutator as 𝜄(𝑄) is even: contraction

decreases de Rham degree by 1 while 𝑄 increases ghost number by 1. We place the contraction

first in order to keep 𝐿𝑄 𝑓 = 𝑄( 𝑓 ).

Lemma 21. The operator 𝑠 = 𝐿𝑄 is a differential on dRℏ
𝑀 that commutes with Ω and the de

Rham differential 𝑑.

Proof. The assignment of a Hamiltonian vector field 𝑋 𝑓 to a function 𝑓 maps the antibracket

to the commutator of vector fields. Hence the classical master equation (𝑆0, 𝑆0) = 0 implies that

[𝑄,𝑄] = 0. It follows that

2𝐿2
𝑄 = [𝐿𝑄 , 𝐿𝑄] = 𝐿 [𝑄,𝑄] = 0
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and hence 𝑠 = 𝐿𝑄 is a differential. As 𝑄 is a Hamiltonian vector field, we have that

𝐿𝑄𝜔 = 𝜄(𝑄)𝑑𝜔 − 𝑑𝜄(𝑄)𝜔 = −𝑑𝑑𝑆0 = 0,

from which we find

[𝐿𝑄 ,Ω]𝛼 = ℏ−1𝐿𝑄𝜔 ∧ 𝛼 + ℏ−1𝜔𝐿𝑄𝛼

= ℏ−1(𝐿𝑄𝜔)𝛼 − ℏ−1𝜔𝐿𝑄𝛼 + ℏ−1𝜔𝐿𝑄𝛼

= 0. �

The previous lemma demonstrates that 𝑑 + 𝑠 is a perturbation of Ω on the de Rham complex

and we can now transfer this perturbation to the 𝑚 = 0 eigenspace of [Ω,Λ].

Proposition 22. Transferring the perturbation 𝑑+𝑠 = 𝑑dR+(𝑆0,−) of the strong deformation

retraction in Proposition 16 yields the differential

𝑝𝐴𝑖 = ℏΔ + (𝑆0,−) + Δ𝑆0

on the 𝑚 = 0 eigenspace of [Ω,Λ]. The resulting strong deformation retraction is

(dRℏ
𝑀 (𝑈)0, ℏΔ + (𝑆0,−) + Δ𝑆0) (dRℏ

𝑀 (𝑈),Ω + 𝑑 + 𝑠)

𝑖′

𝑝′

ℎ′

with the notation of Theorem 19, where 𝐴 = (1 − (𝑑 + 𝑠)ℎ)−1(𝑑 + 𝑠).

Proof. First we note that 𝑑 + 𝑠 is a small perturbation of Ω:

(1 − (𝑑 + 𝑠)ℎ)−1 =

∞∑︁
𝑘=1
(𝑑ℎ + 𝑠ℎ)𝑘

is a finite sum because 𝑑ℎ + 𝑠ℎ reduces de Rham degree by at least 1 and is therefore nilpotent.

Applying the homological perturbation lemma, Theorem 15, we obtain a new differential on the

left,

𝑝𝐴𝑖 = 𝑝(1 − (𝑑 + 𝑠)ℎ)−1(𝑑 + 𝑠)𝑖
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As in the proof of Theorem 19, we can argue by de Rham degree to compute. For 𝛼 =

𝑓 (𝑥, 𝑥+)𝑑𝑥1 · · · 𝑑𝑥𝑛 ∈ dRℏ
𝑀 (𝑈)0,

𝑝𝐴𝑖𝛼 = 𝑝 (1 + (𝑑 + 𝑠)ℎ + (𝑑 + 𝑠)ℎ(𝑑 + 𝑠)ℎ + · · · ) (𝑑 + 𝑠)𝛼

= 𝑝𝑠𝛼 + 𝑝𝑑ℎ𝑑𝛼.

As before, the second term is computed to be 𝑝𝑑ℎ𝑑𝛼 = ℏΔ𝛼, while the first term is new,

𝑝𝑠𝛼 = 𝑝𝐿𝑄

(
𝑓 (𝑥, 𝑥+)𝑑𝑥1 · · · 𝑑𝑥𝑛

)
= (𝑆0, 𝑓 )𝑑𝑥1 · · · 𝑑𝑥𝑛 + (−1) | 𝑓 | 𝑓 𝑝𝐿𝑄𝑑𝑥

1 · · · 𝑑𝑥𝑛.

A short computation reveals that

𝑄 =
𝜕𝑆0

𝜕𝑥+
𝑘

𝜕

𝜕𝑥𝑘
+ 𝜕𝑆0

𝜕𝑥𝑘

𝜕

𝜕𝑥+
𝑘

,

from which we find

𝑝𝐿𝑄𝑑𝑥
1 · · · 𝑑𝑥𝑛 = 𝜕2𝑆0

𝜕𝑥𝑘𝜕𝑥+
𝑘

𝑑𝑥1 · · · 𝑑𝑥𝑛.

Thus

𝑝𝑠𝛼 =

(
(𝑆0, 𝑓 ) +

𝜕2𝑆0

𝜕𝑥𝑘𝜕𝑥+
𝑘

𝑓

)
𝑑𝑥1 · · · 𝑑𝑥𝑛

and the result follows. �

In the next chapter we will identify the 𝑚 = 0 eigenspace of [Ω,Λ] on 𝑈 with half-densities

on 𝑈. With this in mind, we may interpret the transferred differential

((𝑆0,−) + Δ𝑆0) 𝑓 𝑑𝑥1 · · · 𝑑𝑥𝑛 =
(
(𝑆0, 𝑓 ) +

𝜕2𝑆0

𝜕𝑥𝑘𝜕𝑥+
𝑘

𝑓

)
𝑑𝑥1 · · · 𝑑𝑥𝑛

as the lift of the Hamiltonian vector field𝑄 to the space of half-densities. Such a lift is constructed

in Section 2 of [9] as the first-order differential operator

H𝑔 = (−1) |𝑔 | [Δ, 𝑚(𝑔)],

where 𝑚(𝑔) denotes multiplication by a function 𝑔.
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Proposition 23. The transferred perturbation of Proposition 22 can be written

(𝑆0,−) + Δ𝑆0 = H𝑆0

Proof. We calculate using Equation 3.2:

((𝑆0, 𝑓 ) + Δ𝑆0 𝑓 ) 𝑑𝑥1 · · · 𝑑𝑥𝑛 = ( [[Δ, 𝑆0], 𝑓 ] + Δ𝑆0 𝑓 ) 𝑑𝑥1 · · · 𝑑𝑥𝑛

=

(
[Δ, 𝑆0] 𝑓 − (−1) | 𝑓 | 𝑓 [Δ, 𝑆0] + Δ𝑆0 𝑓

)
𝑑𝑥1 · · · 𝑑𝑥𝑛

= H𝑆0 𝑓 𝑑𝑥
1 · · · 𝑑𝑥𝑛. �
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CHAPTER 4

Čech globalization

In the previous chapter we constructed the BV Laplacian Δ locally, in an oriented Darboux

coordinate chart 𝑈 on the 0-eigenspace dRℏ
𝑀 (𝑈)𝑚=0 of [Ω,Λ]. Recall that, by Proposition 16,

the inclusion of this eigenspace into the de Rham complex dRℏ
𝑀 (𝑈) induces an isomorphism on

the cohomology ofΩ. In line with the identification 𝜓 of Proposition 8 between half-densities on

𝑀 and the cohomology of Ω, we will identify a half-density 𝜇 = 𝑓 |D(𝑥, 𝑥+) |1/2 ∈ |Λℏ
𝑀
|1/2(𝑈)

on an oriented Darboux chart 𝑈 with the form 𝑓 𝑑𝑥1 · · · 𝑑𝑥𝑛 ∈ dRℏ
𝑀 (𝑈)𝑚=0. This gives us an

isomorphism

|Λℏ
𝑀 |

1/2(𝑈) � dRℏ
𝑀 (𝑈)𝑚=0

of rank 1 Oℏ
𝑀
(𝑈)-modules. Thus we may replace the left-hand side of the strong deformation

retraction in Theorem 19 with the space of half-densities on 𝑈:

(4.1) ( |Λℏ
𝑀
|1/2(𝑈), ℏΔ) (dRℏ

𝑀 (𝑈),Ω + 𝑑)

𝑖′

𝑝′

ℎ′

where

ℏΔ 𝑓 |D(𝑥, 𝑥+) |1/2 = ℏ
𝜕2 𝑓

𝜕𝑥𝑖𝜕𝑥+
𝑖

|D(𝑥, 𝑥+) |1/2.

Extending the BV Laplacian to a global differential on the sheaf of half-densities takes more

work, however, as the formulas above are coordinate-dependent. Equation 2.6, for instance,

demonstrates that 𝑑𝑥1 · · · 𝑑𝑥𝑛 transforms as a half-density only after passing to cohomology. As

a consequence, the map 𝑖 of Proposition 16 does not globalize to a map on the sheaf of half-

densities. In this chapter we approach the problem of globalization by combining homological

perturbation theory with Čech methods. Our goal is to prove the following:
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Theorem 24. The local expression ℏ 𝜕2/𝜕𝑥𝑖𝜕𝑥+
𝑖

for the BV Laplacian in Equation 4.1

globalizes to a differential on the sheaf of half-densities |Λℏ
𝑀
|1/2.

Fix an atlasU = {𝑈𝑖}𝑖∈𝐼 of 𝑀 consisting of oriented Darboux charts. For𝑉 ⊂ 𝑀 an open set

we write, abusing notation slightly,U for the open coverU∩𝑉 . We construct the BV Laplacian

Δ over each open set𝑉 in such a way that on an oriented Darboux chart the construction reduces

to the one above.

We might start by naively upgrading the map 𝑖 to a map between the Čech total complexes of

half-densities (with differential 𝑑) and de Rham forms (with differential Ω + 𝑑). This approach

immediately runs into a problem: such a map 𝑖 does not intertwine with the differentials,

(Ω + 𝑑)𝑖 = 𝑑𝑖 ≠ 𝑖𝑑. The reason for this is straightforward — half-densities transform as the

square root of the Berezinian but the expression 𝑑𝑥1 · · · 𝑑𝑥𝑛 does not, according to Equation 2.6.

The map 𝑖 needs to modified for it to be a map of complexes. We use homological perturbation

theory to construct this modification. To start, we set up a strong deformation retraction between

the Čech total complexes of half-densities and de Rham forms, where the differential on the left

is 0 and the differential on the right is Ω, dropping the Čech differential for now. In total degree

𝑘 , the total complexes of these Čech complexes are given

(Tot𝑘 𝐶̌ (U, |Λℏ
𝑀 |

1/2), 0) =
∏
𝑝+𝑞=𝑘

∏
𝑖0,...,𝑖𝑝

( |Λℏ
𝑀 |

1/2)𝑞 (𝑈𝑖0···𝑖𝑝 )

and

(Tot𝑘 𝐶̌ (U, dRℏ
𝑀),Ω) =

∏
𝑝+𝑞=𝑘

∏
𝑖0,...,𝑖𝑝

(dRℏ
𝑀)

𝑞 (𝑈𝑖0···𝑖𝑝 ),

As before, the grading on |Λℏ
𝑀
|1/2 is by ghost number, while the grading on dRℏ

𝑀 is the sum of

ghost number and de Rham degree.

Define an extension of the map 𝑖 from the local setting to the Čech setting,

𝑖 : (Tot∗ 𝐶̌ (U, |Λℏ
𝑀 |

1/2), 0) → (Tot∗ 𝐶̌ (U, dRℏ
𝑀),Ω),

as follows. If𝑈𝑖 ∈ U, denote by {𝑥 𝑗

𝑖
, 𝑥+

𝑖, 𝑗
} 𝑗=1,...,𝑛 the corresponding Darboux coordinates. Write

|D(𝑥𝑖, 𝑥+𝑖 ) |1/2 ∈ |Λℏ
𝑀 |

1/2(𝑈𝑖)
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for the basis half-density determined by these coordinates. Suppose 𝜇 ∈ Tot𝑘 𝐶̌ (U, |Λℏ
𝑀
|1/2) is

a 𝑘-cochain valued in half-densities, written

𝜇 = (𝜇(0) , 𝜇(1) , 𝜇(2) , . . .)

where 𝜇( 𝑗) has Čech degree 𝑗 and ghost number 𝑘− 𝑗 . On the intersection𝑈𝑖0...𝑖 𝑗 = 𝑈𝑖0∩· · ·∩𝑈𝑖 𝑗

we have available 𝑗 +1 different coordinate systems. We choose the coordinates on the first open

set𝑈𝑖0 . We write, in particular, the half-density 𝜇
( 𝑗)
𝑖0···𝑖 𝑗 in terms of the coordinate half-density on

𝑈𝑖0 as

𝜇
( 𝑗)
𝑖0···𝑖 𝑗 = 𝑓𝑖0···𝑖 𝑗 |D(𝑥𝑖0 , 𝑥+𝑖 𝑗 ) |

1/2,

for some function 𝑓𝑖0···𝑖 𝑗 ∈ Oℏ
𝑀
(𝑈𝑖0···𝑖 𝑗 ). With this notation fixed, the map 𝑖 is now defined

𝑖(𝜇) ( 𝑗)
𝑖0···𝑖 𝑗 = 𝑓𝑖0···𝑖 𝑗 𝑑𝑥

1
𝑖0
· · · 𝑑𝑥𝑛𝑖0 ,

This is a map of complexes as

Ω 𝑖(𝜇) = 0

(recall that the differential on the source is taken to be zero).

Next we construct the maps 𝑝 and ℎ required for a strong deformation retraction. As before,

these maps rely on Lemma 12. Hence we first define the map Λ. For 𝛼 ∈ Tot𝑘 𝐶̌ (U, dRℏ
𝑀)

written as 𝛼 = (𝛼(0) , 𝛼(1) , 𝛼(2) , . . .), we define

Λ(𝛼) ( 𝑗)
𝑖0···𝑖 𝑗 = ℏ 𝜄(𝜕𝑥ℓ

𝑖0
)𝜄(𝜕𝑥+

𝑖0 ,ℓ
)𝛼( 𝑗)

𝑖0···𝑖 𝑗 ,

where, again, we have chosen to use the coordinates from the first open set 𝑈𝑖0 . By Lemma 12,

the de Rham complex over each intersection 𝑈𝑖0···𝑖 𝑗 splits

dRℏ
𝑀 (𝑈𝑖0···𝑖 𝑗 ) =

⊕
𝑚=0

dRℏ
𝑀 (𝑈𝑖0···𝑖 𝑗 )𝑚

along the eigenspaces of the commutator [Ω,Λ].

ℎ =


0 𝑚 = 0,

𝑚−1Λ 𝑚 > 0.
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More explicitly, write

𝛼
( 𝑗)
𝑖0···𝑖 𝑗 =

∞∑︁
𝑚=0

𝛼
( 𝑗),𝑚
𝑖0···𝑖 𝑗 ,

for the local splitting along [Ω,Λ] (the sum is finite for each 𝑗). Then

(ℎ𝛼) ( 𝑗)
𝑖0···𝑖 𝑗 =

∞∑︁
𝑚=1

𝑚−1Λ𝛼
( 𝑗),𝑚
𝑖0···𝑖 𝑗 .

In the same notation, the map 𝑝 is given by the composition
∞∑︁
𝑚=0

𝛼
( 𝑗),𝑚
𝑖0···𝑖 𝑗 ↦→ 𝛼

( 𝑗),𝑚=0
𝑖0···𝑖 𝑗 = 𝑓𝑖0···𝑖 𝑗 𝑑𝑥

1
𝑖0
· · · 𝑑𝑥𝑛𝑖0

↦→ 𝑝(𝛼) ( 𝑗)
𝑖0···𝑖 𝑗 = 𝑓𝑖0···𝑖 𝑗 |D(𝑥𝑖0 , 𝑥+𝑖0) |

1/2.

We note that 𝑝 is a map of complexes: 𝑝 applied to the image of Ω is zero as Ω kills the kernel

of [Ω,Λ].

Proposition 25. With 𝑖, 𝑝, and ℎ defined as above, there is a strong deformation retraction

(Tot∗ 𝐶̌ (U, |Λℏ
𝑀
|1/2), 0) (Tot∗ 𝐶̌ (U, dRℏ

𝑀),Ω)

𝑖

𝑝

ℎ

Proof. The proof is essentially the same as the local case: that ℎ is a homotopy is a

straightforward computation, and the side conditions

ℎ𝑖 = 0, 𝑝ℎ = 0, ℎ2 = 0,

are similarly easy to check. �

We can now reintroduce the Čech differential as a perturbation of the differential Ω on

the Čech-de Rham side, apply the perturbation lemma, and study the resulting transferred

differential. First a small point about signs: the ungraded commutator of Ω and 𝑑 is zero, so we

replace Ω by (−1)𝑝Ω before perturbation, where 𝑝 is the Čech degree. To preserve the strong

deformation retraction above we scale Λ, and hence ℎ, by (−1)𝑝 as well.
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Lemma 26. The perturbation 𝑑 of (−1)𝑝Ω on the Čech-de Rham complex is small; that is,

(1 − 𝑑 · (−1)𝑝ℎ) is invertible.

Proof. The inverse is given by the sum

(1 − 𝑑 · (−1)𝑝ℎ)−1 =

∞∑︁
𝑖=1
(𝑑 · (−1)𝑝ℎ)𝑖,

which, we note, is not a finite sum: unlike in the case of the perturbation by 𝑑, it is not enough

to note that ℎ decreases de Rham degree by 2. Indeed, the Čech-de Rham complex is an infinite

product and thus may have cochains of increasing de Rham degree (in a fixed total degree).

The sum is, however, finite on each factor of this infinite product, and is thus well-defined.

If we write a Čech-de Rham cochain 𝛼0 in terms of its Čech components as before,

𝛼0 = (𝛼(0)0 , 𝛼
(1)
0 , . . .),

and write

𝛼𝑖 = (ℎ𝑑)𝑖−1ℎ𝛼0,

then we find that
∞∑︁
𝑖=1
(𝑑 · (−1)𝑝ℎ)𝑖 = 𝛼0 ± (0, 𝑑𝛼(0)1 , 𝑑𝛼

(1)
1 , . . .)

± (0, 0, 𝑑𝛼(0)2 , 𝑑𝛼
(1)
2 , . . .)

± . . .

That the sum is finite in each factor is now apparent. �

Hence the perturbation 𝑑 of Ω on the Čech-de Rham complex can be transferred to the Čech

complex of half-densities. The following shows that the resulting perturbation on the left is the

Čech differential.
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Proposition 27. Applying the homological perturbation lemma yields the strong deformation

retract

(Tot∗ 𝐶̌ (U, |Λℏ
𝑀
|1/2), 𝑑) (Tot∗ 𝐶̌ (U, dRℏ

𝑀), (−1)𝑝Ω + 𝑑)

𝑖′

𝑝′

ℎ′

In particular, the perturbation 𝑑 on the right is transferred to the Čech differential on the left in

such a way that 𝑖′ and 𝑝′ are maps of complexes. Explicitly,

𝑖′ = (1 − (−1)𝑝ℎ𝑑)−1𝑖, 𝑝′ = 𝑝(1 − 𝑑 · (−1)𝑝ℎ)−1,

and

ℎ′ = (−1)𝑝ℎ + ℎ𝐴ℎ.

Proof. The new differential on the left is

𝑝(1 − 𝑑 (−1)𝑝ℎ)−1𝑑𝑖 = 𝑝𝑑𝑖 + 𝑝𝑑 · (−1)𝑝ℎ𝑑𝑖 + · · ·

Recall that 𝑝 is nonzero only on forms of de Rham degree 𝑛. Any application of ℎ reduces de

Rham degree by 2 (and the Čech differential, of course, does not change the de Rham degree).

Hence each term but the first in this sum vanishes.

The first term is precisely the Čech differential for the Čech complex of |Λℏ
𝑀
|1/2. This is a

simple consequence of the transformation properties of the form 𝑑𝑥1 · · · 𝑑𝑥𝑛, but we write out

the calculation explicitly. Suppose 𝜇 = (𝜇(0) , 𝜇(1) , 𝜇(2) , . . .) is a (homogeneous) Čech cochain

on the left. Then

(𝑑dR𝑖𝜇) ( 𝑗+1)𝑖0···𝑖 𝑗+1 = (𝑖𝜇)
( 𝑗)
𝑖1···𝑖 𝑗+1

����
𝑈𝑖0 · · ·𝑖 𝑗+1

+
𝑗+1∑︁
𝑘=1
(−1)𝑘 (𝑖𝜇) ( 𝑗)

𝑖0···𝑖𝑘 ···𝑖 𝑗+1

����
𝑈𝑖0 · · ·𝑖 𝑗+1

.

The first term is written as, in the notation from above, 𝑓𝑖1···𝑖 𝑗+1 𝑑𝑥
1
𝑖1
· · · 𝑑𝑥𝑛

𝑖1
. Applying 𝑝 to the

last 𝑗 terms clearly yields the last 𝑗 terms of the Čech differential on half-densities — only the
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first term requires analysis. From Equation 2.6 we know that

𝑑𝑥1
𝑖1
· · · 𝑑𝑥𝑛𝑖1 = | Ber1/2(𝑇) |−1𝑑𝑥𝑖0 · · · 𝑑𝑥𝑛𝑖0 +Ω(· · · )

(where 𝑇 is the matrix of derivatives associated to the coordinate change) and so applying 𝑝 on

𝑈𝑖0···𝑖 𝑗+1 to the first term yields

𝑓𝑖1···𝑖 𝑗+1 | Ber1/2(𝑇) |−1 |D(𝑥𝑖0 , 𝑥+𝑖0) |
1/2 = 𝑓𝑖1···𝑖 𝑗+1 |D(𝑥𝑖1 , 𝑥+𝑖1) |

1/2.

This is precisely the first term of the Čech differential on half-densities. �

The perturbation lemma provides us with a modified map 𝑖′ that intertwines the differentials

𝑑 and (−1)𝑝Ω+ 𝑑. This puts us in a position to imitate the local perturbation argument from the

previous chapter. We perturb the Čech-de Rham complex by the de Rham differential 𝑑 = 𝑑dR

and transfer the perturbation. Again, as is standard for total complexes, we will use (−1)𝑝𝑑
where 𝑝 is the Čech degree. The proof that the perturbation is small is identical to the proof of

Lemma 26.

Lemma 28. The perturbation by the de Rham differential (−1)𝑝𝑑 of (−1)𝑝Ω + 𝑑 on the

Čech-de Rham complex is small.

Proposition 29. Applying the homological perturbation lemma yields the strong deformation

retract

(Tot∗ 𝐶̌ (U, |Λℏ
𝑀
|1/2), 𝑑 + 𝑝′𝐴′𝑖′) (Tot∗ 𝐶̌ (U, dRℏ

𝑀), (−1)𝑝 (Ω + 𝑑) + 𝑑)

𝑖′′

𝑝′′

ℎ′′

where the definitions of 𝑖′′, 𝑝′′, and ℎ′′ are as usual. The transferred perturbation is locally just

the BV Laplacian.
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Proof. We temporarily drop the signs (−1)𝑝 for clarity as they do not affect the calculation.

We will reintroduce them below when necessary. We consider the new differential on the left

𝑑 + 𝑝′𝐴′𝑖′ = 𝑑 + (𝑝 + 𝑝𝐴ℎ)
∞∑︁
𝑗=0
(𝑑ℎ′) 𝑗𝑑 (𝑖 + ℎ𝐴𝑖),

where

𝐴 = (1 − 𝑑ℎ)−1𝑑 and 𝐴′ = (1 − 𝑑ℎ′)−1𝑑.

Expanding the two binomials present in the perturbing term, let us consider the resulting four

sums separately.

The first term is

𝑝

∞∑︁
𝑗=0
(𝑑ℎ′) 𝑗𝑑𝑖 = 𝑝

∞∑︁
𝑗=0
(𝑑ℎ + 𝑑ℎ𝐴ℎ) 𝑗𝑑𝑖

If we again keep in mind that 𝑖 produces forms of de Rham degree 𝑛, 𝑝 kills forms of de Rham

degree different than 𝑛, and ℎ reduces de Rham degree by 2, we see that the only nonvanishing

terms are those with twice as many 𝑑’s present as ℎ’s. Thus we are left with 𝑝𝑑ℎ𝑑𝑖 (part of the

𝑗 = 1 term).

The remaining three sums are:

𝑝

∞∑︁
𝑗=0
(𝑑ℎ′) 𝑗𝑑ℎ𝐴𝑖 = 𝑝

∞∑︁
𝑗=0
(𝑑ℎ + 𝑑ℎ𝐴ℎ) 𝑗𝑑ℎ𝐴𝑖

𝑝𝐴ℎ

∞∑︁
𝑗=0
(𝑑ℎ′) 𝑗𝑑𝑖 = 𝑝𝐴ℎ

∞∑︁
𝑗=0
(𝑑ℎ + 𝑑ℎ𝐴ℎ) 𝑗𝑑𝑖

𝑝𝐴ℎ

∞∑︁
𝑗=0
(𝑑ℎ′) 𝑗𝑑ℎ𝐴𝑖 = 𝑝𝐴ℎ

∞∑︁
𝑗=0
(𝑑ℎ + 𝑑ℎ𝐴ℎ) 𝑗𝑑ℎ𝐴𝑖.

Recalling that 𝐴 = 𝑑 + 𝑑ℎ𝑑 + · · · , we see that there are no terms in any of these sums that contain

twice as many occurrences as the de Rham differential as the homotopy operator ℎ. Hence all

three vanish for de Rham degree reasons.

In total, then, we obtain the differential

𝑑 + 𝑝′𝐴′𝑖′ = 𝑑 + (−1)𝑝𝑝𝑑ℎ𝑑𝑖



42

on the Čech complex of half-densities, where we have reintroduced the signs (−1)𝑝. This is

precisely the local expression for the BV Laplacian. In Čech degree zero, in particular, and on an

oriented Darboux coordinate chart 𝑈𝑖0 , the local perturbation theory calculation of Theorem 19

yields

𝑓 |D(𝑥𝑖0 , 𝑥+𝑖0) |
1/2 ↦→ ℏ

𝜕2 𝑓

𝜕𝑥
𝑗

𝑖0
𝜕𝑥+

𝑖0, 𝑗

|D(𝑥𝑖0 , 𝑥+𝑖0) |
1/2. �

The new differential on the left is the sum 𝑑 + (−1)𝑝𝑝𝑑ℎ𝑑𝑖. As a differential, this sum

squares to zero, and in particular we see that 𝑑 commutes with the transferred perturbation

(−1)𝑝𝑝𝑑ℎ𝑑𝑖. In particular, the transferred perturbation has Čech degree zero, and hence sends

Čech zero-cocycles to Čech zero-cocycles. Restricting attention to the Čech zero-cocycles, then,

we arrive at a new proof of Khudaverdian’s Theorem 1, independent of Khudaverdian’s proof,

that Δ defines an operator acting globally on half-densities.

Proof of Theorem 24. Let 𝑉 ⊂ 𝑀 be an open set and 𝜇 ∈ |Λℏ
𝑀
|1/2(𝑉) be a half-density

defined on 𝑉 . Abusing notation slightly, we writeU = {𝑈𝑖}𝑖∈𝐼 for the cover of 𝑉 induced by the

oriented Darboux atlas for 𝑀 . We use the same notation as before: 𝜇 |𝑈𝑖
= 𝑓𝑖 |D(𝑥𝑖, 𝑥+𝑖 ) |1/2. The

inclusion t𝑈𝑖 ↩→ 𝑉 induces a map |Λℏ
𝑀
|1/2(𝑉) → 𝐶̌∗(U, |Λℏ

𝑀
|1/2) that sends 𝜇 to the Čech

0-cocycle 𝜇 = (𝜇(0) , 0, 0, . . .). As the differential 𝑑 + (−1)𝑝𝑝𝑑ℎ𝑑𝑖 squares to zero, we have that

𝑑𝑝𝑑ℎ𝑑𝑖 − 𝑝𝑑ℎ𝑑𝑖𝑑 = 0.

Applying this differential to the 0-cocycle 𝜇, we find that

(𝑑𝑝𝑑ℎ𝑑𝑖𝜇) = (0, (𝑑𝑝𝑑ℎ𝑑𝑖𝜇) (1) , 0, 0, . . .) = 0,

and thus, for all 𝑖0, 𝑖1 ∈ 𝐼,

(𝑑𝑝𝑑ℎ𝑑𝑖𝜇) (1)
𝑖0𝑖1

= (𝑝𝑑ℎ𝑑𝑖𝜇) (0)
𝑖1
− (𝑝𝑑ℎ𝑑𝑖𝜇) (0)

𝑖0
= 0

on 𝑈𝑖0𝑖1 . Applying the calculations of Theorem 19 we find that

(4.2)
𝜕2 𝑓𝑖1

𝜕𝑥
𝑗

𝑖1
𝜕𝑥+

𝑖1, 𝑗

|D(𝑥𝑖1 , 𝑥+𝑖1) |
1/2 −

𝜕2 𝑓𝑖0

𝜕𝑥
𝑗

𝑖0
𝜕𝑥+

𝑖0, 𝑗

|D(𝑥𝑖0 , 𝑥+𝑖0) |
1/2 = 0
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on 𝑈𝑖0𝑖1 . This is precisely the statement that the local expression for the BV Laplacian yields a

global BV Laplacian acting on |Λℏ
𝑀
|1/2(𝑉). In other words, if 𝜇 is a Čech 0-cocycle as above,

then the BV Laplacian 𝑑 + 𝑝𝑑ℎ𝑑𝑖 = 𝑝𝑑ℎ𝑑𝑖 applied to 𝜇 is again a Čech 0-cocycle.

This argument yields a BV Laplacian Δ on half-densities over each open set 𝑉 ⊂ 𝑀 . It is

clear that Δ defines an operator on the sheaf of half-densities, as the construction is compatible

with restriction maps. �

Let us expand on the proof Theorem 24: we describe more explicitly how the BV Laplacian

can be constructed on any given open set 𝑉 from the result of Proposition 29. The sheaf of

half-densities is the sheaf of sections of a smooth line bundle on 𝑀 , and is hence a fine sheaf.

That is, it admits a partition of unity subordinate to any cover. Hence, for an open subset

𝑉 ⊂ 𝑀 , the inclusion 𝚤 of global half-densities as 0-cocycles in the Čech complex for the open

cover U (which is, again, the induced oriented Darboux atlas on 𝑉) fits into a (non-canonical)

strong deformation retract. Hence the perturbation (−1)𝑝𝑝𝑑ℎ𝑑𝑖 of 𝑑 on the right-hand side of

the strong deformation retraction in Proposition 29 can be transferred to the BV Laplacian on

Γ(𝑉, |Λℏ
𝑀
|1/2).

Choose a partition of unity𝜓𝑖 subordinate toU and consider the strong deformation retraction

(Γ(𝑉, |Λℏ
𝑀
|1/2), 0) (Tot∗ 𝐶̌ (U, |Λℏ

𝑀
|1/2), 𝑑)

𝚤

𝑝

ℎ̌

where, for 𝜇 = (𝜇(0) , 𝜇(1) , . . .) ∈ Tot𝑘 𝐶̌ (U, |Λℏ
𝑀
|1/2),

( ℎ̌𝜇) ( 𝑗−1)
𝑖0···𝑖 𝑗−1

=
∑︁
𝑖∈𝐼

𝜓𝑖𝜇
( 𝑗)
𝑖𝑖0···𝑖 𝑗−1

,

and

𝑝𝜇 =
∑︁
𝑖∈𝐼

𝜓𝑖𝜇
(0)
𝑖

.

Then a straightforward computation reveals that

id − 𝚤𝑝 = [𝑑, ℎ̌],



44

(for details, see for instance, the remarks following Proposition 8.5 of [5]), completing the

construction of the strong deformation retraction.1

The differential (−1)𝑝𝑝𝑑ℎ𝑑𝑖 is a small perturbation of the differential 𝑑 on the right, as the

product of ℎ̌ and (−1)𝑝𝑝𝑑ℎ𝑑𝑖 decreases Čech degree and is thus nilpotent. Thus we obtain

𝐴̌ = (−1)𝑝𝑝𝑑ℎ𝑑𝑖 − 𝑝𝑑ℎ𝑑𝑖ℎ̌𝑝𝑑ℎ𝑑𝑖 + · · ·

and a transferred differential 𝑝𝐴̌𝚤 on the left. Only the first term in the resulting sum survives

because 𝑝 is nontrivial only on cochains of Čech degree 0. Hence, given 𝜇 ∈ Γ(𝑉, |Λℏ
𝑀
|1/2)

such that locally on 𝑈𝑖, 𝜇 |𝑈𝑖
= 𝑓𝑖 |D(𝑥𝑖, 𝑥+𝑖 ) |1/2, we compute

𝑝𝐴̌𝚤𝜇 = ℏ
∑︁
𝑖∈𝐼

𝜓𝑖 ·
𝜕2 𝑓𝑖

𝜕𝑥
𝑗

𝑖
𝜕𝑥+

𝑖, 𝑗

|D(𝑥𝑖, 𝑥+𝑖 ) |1/2.

At any given point 𝑥 ∈ 𝑉 we can rewrite this sum in terms of a single coordinate system {𝑥𝑖0 , 𝑥+𝑖0}
(where 𝑈𝑖0 3 𝑥) by Equation 4.2 in the proof of Theorem 24. Hence the sum collapses to∑

𝑖∈𝐼 𝜓𝑖 = 1 and we obtain, independent of the choice of partition of unity, Khudaverdian’s sheaf

of complexes of half-densities — for 𝑉 ⊂ 𝑀 any open set, we have constructed

(Γ(𝑉, |Λℏ
𝑀 |

1/2), ℏΔ).

1This diagram is, in fact, not a strong deformation retraction as two of the side conditions 𝑝ℎ̌ = 0 and ℎ̌2 = 0
do not hold. We can nevertheless apply the homological perturbation lemma to transfer perturbations, though the
resulting 𝚤′ and 𝑝′ will not necessarily satisfy 𝑝′𝚤′ = id. We note that these two side conditions do indeed hold if
we work instead with alternating Čech cochains.
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CHAPTER 5

Integral forms

Recall from the local calculations above that we embed half-densities into the complex of

de Rham forms as representatives

𝛼 = 𝑓 (𝑥, 𝑥+) 𝑑𝑥1 · · · 𝑑𝑥𝑛

of the cohomology of Ω. The 𝑥𝑖 have even total parity (by definition of oriented Darboux

coordinates) and so 𝛼 may be integrated along the even Lagrangian

𝐿 = {𝑥+1 = · · · = 𝑥+𝑛 = 0} ⊂ 𝑀.

It is natural to ask, then, whether we might instead represent half-densities as forms integrable

along Lagrangian 𝐿 ⊂ 𝑀 that are not purely even. We focus in this chapter on the other extreme:

we represent half-densities as forms integrable on purely odd Lagrangians 𝐿 ⊂ 𝑀 . Throughout

this chapter we use the notations of Chapter 4, Section 5.4 of Manin [14].

We leave the case of general, mixed parity Lagrangians to future study, as the theory of

pseudodifferential forms of Bernstein and Leites [3] is considerably more subtle than that of

differential and integral forms, and our methods do not seem to immediately generalize. The

pseudodifferential form

exp

(
−

𝑛∑︁
𝑖=1
(𝑑𝑥+𝑖 )2

)
,

for example, does not have a well-defined de Rham degree and is not an eigenvector of [Ω,Λ].
One might introduce a grading known as the picture number (see, e.g., [2] and [7]) on the

class of pseudodifferential forms that are functions of 𝑑𝑥𝑖 and 𝑑𝑥+
𝑖

but supported only along

{𝑑𝑥+
𝑖
= 0}𝑖=1,...,𝑛, such as

𝑓 𝑑𝑥1 · · · 𝑑𝑥𝑛𝛿(𝑑𝑥+1 ) · · · 𝛿(𝑑𝑥
+
𝑛 ).
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The picture number counts the number of 𝛿 functions, and one can extend the local results of this

paper to the picture number 𝑝 case, for each 0 < 𝑝 < 𝑛. This condition on pseudodifferential

forms does not, however, yield well-defined geometric objects, as it is coordinate-dependent.

One may nevertheless hope that our methods — and the notion of pseudodifferential forms —

can be modified to cover the case of arbitrary Lagrangians.

Due to the nature of Berezin integration, the objects of integration on oriented supermanifolds

are sections of the Berezinian, Ber 𝑀 , which transform according to the character Ber(𝑇)−1.

The complex of integral forms is defined to be the complex of sheaves of Oℏ
𝑀

-modules (we will

call this grading the de Rham degree)

Σℏ
𝑀 = Ber(𝑀){0} ⊗Oℏ

𝑀
SymOℏ

𝑀
((𝑇∗𝑀{−1})∗),

that is, the Berezinian placed in de Rham degree 0 tensored with the commutative algebra

generated by the tangent bundle in de Rham degree −1. We have written (𝑇∗𝑀{−1})∗ instead of

𝑇𝑀{1} to make it clear that the ghost number of a local generator 𝜕𝑥𝑖 has ghost number − gh(𝑥𝑖)
(but the same internal parity). Recall from Remark 9 that the Berezinian is placed in ghost

number 2𝑟 = 2𝑛 + 2
∑𝑛

𝑖=1 gh(𝑥𝑖). We implicitly take the direct sum total complex, summing the

ghost number and de Rham degree, as we did with the de Rham complex. Notice that while

the de Rham complex is unbounded above on supermanifolds, the complex of integral forms is

unbounded below. In particular, there are integral forms of negative de Rham degree.

Explicitly, suppose that we have oriented Darboux coordinates {𝑥𝑖, 𝑥+
𝑖
}. In these coordinates

we may write any (monomial) integral form as

(5.1) 𝛼 = 𝑓 (𝑥, 𝑥+)D(𝑥, 𝑥+) ⊗ (𝜕𝑥1)𝑎1 · · · (𝜕𝑥𝑛)𝑎𝑛 (𝜕𝑥+1 )
𝑏1 · · · (𝜕𝑥+𝑛)

𝑏𝑛 ,

where 𝑎𝑖 ∈ {0, 1} and 𝑏 𝑗 ∈ Z>0. Notice that, under our grading conventions, this form has

de Rham degree −∑𝑛
𝑖=1(𝑎𝑖 + 𝑏𝑖) and total degree gh( 𝑓 ) + 2𝑟 −∑𝑛

𝑖=1(𝑎𝑖 + 𝑏𝑖).
Often, especially in the physics literature, one finds notation that involves derivatives of

Dirac delta distributions. The same integral form is written in this more intuitive notation as

𝛼 = ± 𝑓 (𝑥, 𝑥+) (𝑑𝑥1)1−𝑎1 · · · (𝑑𝑥𝑛)1−𝑎𝑛𝛿(𝑏1) (𝑑𝑥+1 ) · · · 𝛿
(𝑏𝑛) (𝑑𝑥+𝑛 ).
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Sometimes Ber(𝑀) placed in de Rham degree 𝑛, to line up with the de Rham degree of ordinary

differential forms.

The duality pairing between forms and vector fields provides Σℏ
𝑀

with the structure of a

dRℏ
𝑀-module. The action by the generators of dRℏ

𝑀 is given, with 𝛼 as above,

𝑑𝑥𝑖𝛼 =(−1) | 𝑓 |+𝑎1+···+𝑎𝑖−1𝑎𝑖 𝑓 (𝑥, 𝑥+)D(𝑥, 𝑥+)

⊗ (𝜕𝑥1)𝑎1 · · ·�(𝜕𝑥𝑖 )𝑎𝑖 · · · (𝜕𝑥𝑛)𝑎𝑛 (𝜕𝑥+1 )𝑏1 · · · (𝜕𝑥+𝑛)
𝑏𝑛

𝑑𝑥+𝑖 𝛼 = − 𝑏𝑖 𝑓 (𝑥, 𝑥+)D(𝑥, 𝑥+)

⊗ (𝜕𝑥1)𝑎1 · · · (𝜕𝑥𝑛)𝑎𝑛 (𝜕𝑥+1 )
𝑏1 · · · (𝜕𝑥+

𝑖
)𝑏𝑖−1 · · · (𝜕𝑥+𝑛)

𝑏𝑛

The sign in the action of 𝑑𝑥+
𝑖

originates from the sign present in the pairing for the double dual

of a superspace. From this module structure it is clear how to define the de Rham differential

𝑑 = 𝑑Σ on integral forms:

𝑑Σ
(
𝑓 (𝑥, 𝑥+)D(𝑥, 𝑥+) ⊗ 𝑃(𝜕𝑥 , 𝜕𝑥+)

)
= 𝑑𝑓 D(𝑥, 𝑥+) ⊗ 𝑃(𝜕𝑥 , 𝜕𝑥+).

Just as in the setting of ordinary differential forms, the odd symplectic form 𝜔 provides the

complex of integral forms with an extra differential Ω = ℏ−1𝜔. The first step in constructing the

BV Laplacian on Σℏ
𝑀

is to compute the cohomology of Ω. The arguments from the differential

forms case hold, mutatis mutandis. Fix an oriented Darboux chart 𝑈. We consider the operator

Λ = ℏ 𝜄(𝜕𝑥𝑖 )𝜄(𝜕𝑥+𝑖 ), where the interior multiplication by a vector field is defined to introduce the

corresponding vector field on the left in the second tensor factor,

𝜄(𝑣)D(𝑥, 𝑥+) ⊗ 𝑃(𝜕𝑥 , 𝜕𝑥+) = D(𝑥, 𝑥+) ⊗ 𝑣𝑃(𝜕𝑥 , 𝜕𝑥+).

The operator [Ω,Λ] is semisimple on integral forms by the analog of Lemma 12:

[Ω,Λ]𝛼 = (−𝑛 + deg𝜕𝑥 𝛼 − deg𝜕𝑥+ 𝛼)𝛼.

The complex of integral forms splits

(Σℏ
𝑀 (𝑈),Ω) =

0⊕
𝑚=−∞

(Σℏ
𝑀 (𝑈)𝑚,Ω)
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and the cohomology of Ω is concentrated in the rank 1 eigencomplex of eigenvalue 𝑚 = 0,

𝐻 (Σℏ
𝑀 (𝑈),Ω) � O

ℏ
𝑀 (𝑈) · D(𝑥, 𝑥

+) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛 .

Suppose now that we have an overlapping oriented Darboux coordinate chart {𝑦𝑖, 𝑦+
𝑖
}. Then,

writing 𝑇 for the inverse of the change of coordinates matrix with respect to the even-odd

polarization and 𝑃 = (𝜕𝑥/𝜕𝑦) for the upper-left block, we find that

D(𝑦, 𝑦+) ⊗ 𝜕𝑦1 · · · 𝜕𝑦𝑛 + · · · = D(𝑥, 𝑥+) Ber(𝑇) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛 det(𝑃)−1 + · · ·

where the omitted terms contain 𝜕𝑥+
𝑖
. By Proposition 5 we have Ber(𝑇) = (Ber 𝑃)2, so the 𝑚 = 0

eigenforms transform as Ber(𝑃) up to Ω-exact terms. Thus we arrive, via the arguments in the

proof of Proposition 8, at the following.

Proposition 30. Let (𝑀,𝜔) be an odd symplectic supermanifold with gh(𝜔) = 1 such that

the body |𝑀 | of 𝑀 is oriented. Then, as in Proposition 8, there is a natural isomorphism of

sheaves

𝜓′ : 𝐻 (Σℏ
𝑀 , 𝜔) → |Λ

ℏ
𝑀 |

1/2.

This isomorphism sends, locally,

𝑓 |D(𝑥, 𝑥+) |1/2 ↦→ 𝑓 D(𝑥, 𝑥+) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛 .

Notice that, by Remark 9, 𝜓′ is a map of total degree 0 and even internal parity, asD(𝑥, 𝑥+) ⊗
𝜕𝑥1 · · · 𝜕𝑥𝑛 has de Rham degree −𝑛 and ghost number 2𝑟 −∑𝑛

𝑖=1 gh(𝑥𝑖) = 2𝑛 +∑𝑛
𝑖=1 gh(𝑥𝑖).

The local perturbation theory in the setting of differential forms carries through unchanged.

The inclusion 𝑖 of the 𝑚 = 0 eigenspace into all integral forms fits into a strong deformation

retraction as in Proposition 16 where ℎ and 𝑝 are defined as before. The differential 𝑑 = 𝑑Σ is, for

de Rham degree reasons, a small perturbation of the right-hand side (Σℏ
𝑀
(𝑈),Ω). The transferred
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differential on the left-hand side, (Σℏ
𝑀
(𝑈)𝑚=0, 0) is computed, if 𝛼 = 𝑓 D(𝑥, 𝑥+) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛 , as

𝑝𝑑ℎ𝑑𝑖𝛼 = 𝑝𝑑Λ

(
𝑑𝑥𝑘

𝜕 𝑓

𝜕𝑥𝑘
D(𝑥, 𝑥+) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛

)
= −ℏ𝑝𝑑

(
𝜕 𝑓

𝜕𝑥𝑘
D(𝑥, 𝑥+) ⊗ 𝜕𝑥+

𝑘
𝜕𝑥1 · · · 𝜕𝑥𝑛

)
(5.2)

= ℏ
𝜕2 𝑓

𝜕𝑥+
𝑘
𝜕𝑥𝑘
D(𝑥, 𝑥+) ⊗ 𝜕𝑥1 · · · 𝜕𝑥𝑛 ,

as desired. These computations show that, on 𝑈, half-densities with the BV Laplacian can be

placed into a strong deformation retraction with integral forms on right-hand side.

( |Λℏ
𝑀
|1/2(𝑈), ℏΔ) (Σℏ

𝑀
(𝑈),Ω + 𝑑Σ)

𝑖′

𝑝′

ℎ′

The globalization arguments of Chapter 4 carry over as well. The map 𝑖 is not a map of

complexes, so we transfer the Čech differential on the (direct product total) Čech complex of

integral forms to that of half-densities (see Proposition 27). Globalization is now achieved by

the analog of Proposition 29: we perturb the right by 𝑑 = 𝑑Σ and obtain

(Tot∗ 𝐶̌ (U, |Λℏ
𝑀
|1/2), 𝑑 + 𝑝′𝐴′𝑖′) (Tot∗ 𝐶̌ (U,Σℏ

𝑀
), (−1)𝑝 (Ω + 𝑑Σ) + 𝑑)

𝑖′′

𝑝′′

ℎ′′

where 𝑝′𝐴′𝑖′ is computed locally to be nothing more than ℏΔ. As the Čech differential commutes

with the BV Laplacian, we obtain the analog of Theorem 24.

Theorem 31. The local expression ℏ 𝜕2/𝜕𝑥𝑖𝜕𝑥+
𝑖

for the BV Laplacian acting on integral

forms in Equation 5.2 globalizes to a differential on the sheaf of half-densities |Λℏ
𝑀
|1/2.

The map 𝑖′, in particular, gives us a local identification of half-densities with integral forms,

intertwining the BV Laplacian ℏΔ with Ω + 𝑑Σ.
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